A framework for understanding the global structure of near-integrable n DOF Hamiltonian systems is proposed. To this aim two tools are developed-the energy-momentum bifurcation diagrams and the branched surfaces. Their use is demonstrated on a few near-integrable 3 DOF systems. For these systems possible sources of instabilities are identified in the diagrams, and the corresponding energy surfaces are presented in the frequency space and by the branched surfaces. The main results of this formulation are theorems which describe the connection between changes in the topology of the energy surfaces and the existence of resonant lower dimensional tori.
1. Introduction. The study of the structure of energy surfaces of integrable systems and the study of resonances and instabilities in near-integrable systems developed into vast disparate research fields. The relation between the two received very little attention. Indeed, near regular level sets of the integrable Hamiltonian, the standard Arnold-resonance web structure appears, and the relation between the two fields reduces to the study of Arnold conjecture regarding instabilities in phase space. Here, we demonstrate that near singular level sets of the integrable Hamiltonian much information regarding possible instabilities of the near-integrable case may be deduced from the structure of the energy surface and its relations with resonance surfaces. We suggest that by adding some information to the traditional energy-momentum diagrams [7] , which we name energy-momentum bifurcation diagrams (EMBD), one achieves a global qualitative understanding of the near-integrable dynamics. We relate the geometric properties of the surfaces corresponding to lower dimensional tori in this diagram to both bifurcations in the energy surface topology and the appearance of lower dimensional resonant tori.
Recall that energy surfaces of generic integrable Hamiltonian systems are foliated almost everywhere by n-tori, 1 which may be expressed locally as a product of n circles on which the dynamics reduces to simple rotations (the action-angle coordinates). A given compact regular level set (the set of phase space points with given values of the constants of motion) may be composed of several such tori. The energy surface is composed of all level sets with the same energy. If these iso-energy level sets have different numbers of components, then there exists a singular level set on this energy surface which is not smoothly conjugate to a collection of n-tori. Under quite general conditions, Lerman and Umanskii [33] show that by using the reduction procedure [1] and Nehorošev results [42] , such a connected singular level set may be expressed locally as an n − s dimensional torus with frequencies depending on n − s actions crossed with a fixed point and its asymptotic manifolds in the remaining s DOF subsystem (s ≤ n). This s DOF subsystem is called the normal system and its structure generally depends on the n − s actions. (See exact statements in the formulation section below. For a complete treatment see [33] .) The regular n-tori correspond to the case s = 0. The larger the s the more cases and possibilities one has for the behavior in the normal directions. The larger the n − s, the more possibilities to transfer between the different cases, namely, to encounter bifurcations. In this context, the Lerman and Umanskii work [33] is mainly concerned with n = s = 2, and the Lerman work [29] is mainly concerned with n = s = 3 (yet it includes the generic bifurcation diagrams for the s = 1, 2 cases), whereas the works of Oshemkov [43] , Fomenko [16] , and Bolsinov and Fomenko [4] are mainly concerned with n = 2, s = 1. Here, we consider s = 1 and n ≥ 2, studying the implications of phase space bifurcations and resonances as a source for instabilities in the near-integrable systems.
Our main result, Theorem 2 (section 8.2), roughly states that the existence of a nondegenerate n − 1 dimensional torus of fixed points implies bifurcations in the topology of the energy surface. Furthermore we prove that such a torus appears as an extrema of certain surfaces in the EMBD. In other words, this provides a relation among energy surface topology, bifurcations in the EMBD, and lower dimensional resonant tori.
The local coordinate representation of the lower dimensional singular tori naturally leads to investigation of critical points of the Hamiltonian function in the normal plane, with the remaining n − s actions viewed as parameters [42] . Hence, as shown in [33, 29] and more recently in [25] , for small n−s, singularity theory may be used to classify all generic bifurcations (or all generic bifurcations under given symmetries [25] ) in the s DOF subsystem. Here we consider, in addition to the above bifurcations, extrema in the action variables of the Hamiltonian function evaluated along the singularity surfaces. We relate these extrema to strong resonances. A complete classification of all generic scenarios (of combinations of resonances and bifurcations in the normal plane), using singularity theory, is yet to be developed.
Since the integrable system has n integrals of motion, a representation of the energy surfaces corresponds to indicating the range of allowed motion and its character in some n dimensional space (the innocent words "its character" hide a vast body of work dedicated to understanding the topology of the level sets which are represented as points in this reduced space as discussed below). Traditional spaces for such representation are the frequency domain [27] , the space of constants of motion (e.g., [2, 33, 40, 18, 17] ), the energy-momentum space, and the momentum space (e.g., [2, 1, 6, 7, 47, 10, 33, 40] ). Such presentations are all equivalent near regular level sets, where action-angle coordinates may be introduced. Furthermore, each of these representations is inherently nonunique as one may choose any nonsingular vector function of the conserved quantities to serve as the new set of coordinates. We propose that a convenient representation appears in a specific combination of energy and momentum space. Convenient here means the following. C1. The geometric presentation supplies a concise summary of all the dynamics and geomet-rical features of the integrable system for all energy levels. C2. The geometric presentation provides clear criteria for the location of special regions in phase space which are expected to produce strong instabilities under a given form of a perturbation. While many presentations in the n dimensional space satisfy the first criteria, it appears that the second one has not been explicitly addressed. Notice that the first criteria deals with the integrable part of the Hamiltonian only. On the other hand, the second one depends on the nature of the applied perturbation; hence the choice of the most convenient representation of the integrable system depends on the form of the perturbation. These issues are explained more fully in section 4, where we propose a choice of convenient coordinates. A similar approach, in which the perturbation determines the appropriate integrable system, is taken in the partial averaging procedure. Other related works, in which the geometry of the energy surfaces and their intersection with the resonance web are related to the perturbed dynamics, are those on "resonance streaming," where it is argued that in 2 DOF integrable systems a small angle between the intersecting resonance and energy curves (plotted in the frequency space) enhances the effect of added noise [34, 48] .
The various representations in the n dimensional spaces of the constants of motion identify the regions of the allowed motion but do not, in general, supply information regarding the topology of the level sets. Indeed, the classification of all the possible topologies of the level sets of energy surfaces of integrable Hamiltonians is extremely challenging (see [2, 33, 40, 17, 1, 47] ) and has been completed for the 2 DOF case only [17, 33] . Lerman and Umanskii use the n = 2 integrals of motion near fixed points to obtain local and global information regarding the level sets of the integrable motion and to classify all possible generic homoclinic connections which are induced by the local behavior [30, 31, 32] . We use their formulation in our treatment of lower dimensional tori. Fomenko and coworkers suggested using graphs to represent all topologically distinct tori which appear in the integrable dynamics [17, 18, 16, 43, 4] . Some of these ideas have been extended to classify integrable 3 DOF dynamics such as the motion of rigid body [17, 10, 11] . Oshemkov, Fomenko, and coworkers use the 2 DOF constructions on given level sets of the third integral to analyze such systems [43, 17, 18] , though Fomenko had also formulated a higher dimensional generalization of his theory [17] . Dullin et al. (see, e .g., [10, 11, 51] and references therein) have shown that such approaches may be used to develop schemes for computing action-angle coordinates even when the topology of the energy surfaces is complicated and finding n topologically independent circles (n circles which are irreducible to each other) is an a priori complicated task. Here we investigate the structure of energy surfaces with very simple topological structure for which we are able to generalize FomenkoOshemkov graphs to branched surfaces. These branched surfaces may be viewed as simple examples of Fomenko's higher dimensional theory.
The paper is ordered as follows: in section 2 we describe the type of the near-integrable Hamiltonians we study, with prototype examples of 3 DOF systems which demonstrate the appearance of nontrivial energy surfaces. In section 3 we formulate the notions of branched surfaces, topological bifurcations of the energy surfaces, and the EMBD. In section 4 we propose a convenient choice of momentum and explain how the choice of suitable coordinates depends on the form of the perturbation. In section 5 we describe the structure of the energy surfaces and the resonance web in the frequency space and in the energy momentum space near normally elliptic lower dimensional tori. The integrable structure in this a priori stable case is trivial and we add essentially no new insights to the known results. It is included here to build intuition for the next two sections. In section 6, we describe these structures near level sets corresponding to normally hyperbolic invariant (n − 1)-tori. In section 7 we proceed to describe these structures near normally parabolic tori. In section 8 we prove our main theorems relating resonances and bifurcations. We conclude with a discussion section.
Formulation. Consider a near-integrable Hamiltonian
where M is a 2n dimensional smooth symplectic manifold and H 0 , H 1 are C ∞ (smooth). 2 We further assume that there exists ε 0 > 0 such that H 1 is bounded 3 for all real values of (q, p; ε) for ε ∈ [0, ε 0 ]. H 0 represents the completely integrable part of the Hamiltonian (the unperturbed system) and its structure is described below. For any ε, a perturbed orbit with energy h resides on the energy surface H 0 (·) = h − εH 1 (·; ε). Hence, by assumption, the structure of the unperturbed energy surfaces and their resonance webs in an O(ε)-interval of energies near h supplies global information on the allowed range of motion of the perturbed orbits.
The integrable n DOF Hamiltonian,
, which are functionally independent at almost all points of M and are pairwise in involution: {F i , F j } = 0; i, j = 1, . . . n. Assume that n ≥ 3 and that the Hamiltonian level sets,
are compact (this assumption implies, in particular, that the set F 1 , F 2 , . . . , F n is complete; see [33] ). By the Liouville-Arnold theorem (see [42] and [2, 26] ), the connected compact components of the level sets M g , on which all of the dF i are (pointwise) linearly independent, are diffeomorphic to n-tori, and hence a transformation to action-angle coordinates (H 0 = H 0 (I)) near such level sets is nonsingular. Consider a neighborhood of a level set M g0 which possibly contains a singularity set at which s of the dF i 's are linearly dependent; on each connected and closed component of such a Hamiltonian level set there is some neighborhood D, in which the Hamiltonian H 0 (q, p) may be transformed by the reduction procedure to the form (see [33] , [42] )
which does not depend on the angles of the tori, θ. The symplectic structure of the new integrable Hamiltonian (2.1) is
where (x, θ, I) are the generalized action-angle variables (s = 0 corresponds to the maximal dimensional tori-the n-tori discussed above). The motion on the (n−s) dimensional family (parameterized by the actions I) of (n − s)-tori is described by the equationṡ
The geometrical structure of the new Hamiltonian, H 0 (x, y, I), is such that for any fixed I (I = (I 1 , . . . , I n−s )) an (n − s)-torus is attached to every point of the (x, y) plane (space, for s > 1). The (x, y) plane (space) is called the normal plane (space) [2, 44, 3] of the (n − s)-tori and defines their stability type in the normal direction to the family 4 of tori. Invariant lower dimensional tori, of dimension (n − l), generically exist for each 1 ≤ l ≤ n − 1; indeed, for any given s consider an m-resonant value of I. Then, for each such I, there exists an m dimensional family (corresponding to different initial angles) of n − s − m dimensional tori. All these tori belong to the higher n − s dimensional resonant torus, associated with I. The existence of such lower dimensional tori is restricted to the n − s − m dimensional resonant surface of I values. A different type of lower dimensional invariant tori, which are of the main interest here, corresponds to isolated fixed point(s) of the s dimensional normal space. These appear on an n − s dimensional manifold of I values, the singularity manifold (such a generalized fixed point corresponds to a manifold on which each dF i for i = 1, . . . , s is linearly dependent on dI 1 , . . . , dI n−s , where dI 1 , . . . , dI n−s are pointwise linearly independent). Locally, one may choose the (x, y, I) coordinate system so that for these tori
Following the terminology of [33] , the invariant tori on which (2.2) is satisfied are called here singular tori, and the manifolds of action values on which this equation is satisfied are called singularity manifolds. The structure of these is discussed in the next section.
Hereafter, consider the case s = 1 only. The invariant (n − 1)-tori have an (n − 1) dimensional vector of inner frequencies,θ = ω(p f ). The normal stability type of such families of (n − 1)-tori is determined by the characteristic eigenvalues (resp., Flouqet multipliers for the corresponding Poincaré map) of the linearization of the system about the tori; generically, these tori are either normally elliptic 5 or normally hyperbolic. 6 If the torus has one pair of zero characteristic eigenvalues in the direction of the normal (x, y) space, it is said to be normally parabolic. In addition, the normal frequency 7 [2, 44] , Ω, of the (n − 1)-tori is defined as the (nonnegative) imaginary part of the purely imaginary characteristic eigenvalues. 8 Locally, in the (x, y, I) coordinate system, the normal stability of the invariant torus is determined by det
where p f satisfies (2.2). Indeed, when λ p f is real and nonvanishing the corresponding family of tori is said to be normally hyperbolic, when it vanishes it is called normally parabolic, and when it is pure imaginary it is normally elliptic. For more details on the above see [33, 2, 5, 12, 13, 14, 15, 21, 22, 23, 24, 26, 44, 3] and references therein. 4 Notice that a single torus belonging to this family has neutral stability in the actions directions. The normal stability referred to in the Hamiltonian context ignores these directions; see [5, 3] and references therein.
5 If all the characteristic eigenvalues of an invariant lower dimensional torus (with respect to its normal (x, y) space) are purely imaginary (and do not vanish), it is said to be normally elliptic. 6 If all the characteristic eigenvalues of an invariant lower dimensional torus (with respect to its normal (x, y) space) have a nonzero real part, it is said to be normally hyperbolic. 7 In some references, these are called characteristic frequencies. 8 In some references, e.g., [5] , the normal frequencies are defined as the positive imaginary parts of the characteristic eigenvalues.
An example of a 3 DOF integrable Hamiltonian which is in the form (2.1), possesses families of invariant 2-tori of all three normal stability types (elliptic, hyperbolic, and parabolic) at x = y = 0, and satisfies all the stated above assumptions is
where α 2 , α 3 , and µ 1 are fixed parameters. Notice that this Hamiltonian has a Z 2 symmetry in the (x, y) coordinates. We will comment in the text when these symmetries play a role. In fact, the form of 3 DOF integrable Hamiltonian families in general position having a parabolic 2-tori has been derived (see [16] , [33] ). A complete study of their structure will be discussed elsewhere. We may compare it to a standard model of (Z 2 symmetric) a priori stable systems with bounded energy surfaces having a family of normally elliptic 2-tori at x = y = 0,
and to the corresponding (symmetric) a priori unstable system
which has a family of normally hyperbolic 2-tori at x = y = 0.
In sections 5, 6, 7, the representative models (2.5), (2.6), and (2.4) are studied in detail. In particular, for each of these models we construct the EMBD, find the branched surfaces which supply a representation for the energy surfaces geometry, and plot representing energy surfaces in the frequency plane. Below we define the branched surfaces and the EMBD. Some readers may find it helpful to read sections 5, 6, 7 first.
3. EMBD and branched surfaces. Fomenko and his coworkers have developed a sophisticated representation of integrable 2 DOF systems which leads to their orbital classification. Roughly, on each energy surface, they have suggested representing families of regular 2-tori by edges of a graph, whereas singular surfaces at which such families coalesce or undergo a change of orientation correspond to the vertices of the graph. The vertices corresponding to singular level sets are labeled according to the orbital changes they represent: "type A molecules" are vertices corresponding to normally elliptic circles, and "type B molecules" are vertices corresponding to a normally hyperbolic circle and its figure eight separatrices. Starred molecules correspond to change of orientation. To deal with higher dimensional systems, Fomenko and Oshemkov have suggested constructing tables of the 2 DOF molecules which list how these graphs vary as the constants of motion are changed. Other setups, closer to our construction, were suggested by Fomenko in [17] but, to the best of our knowledge, have not been examined or used for any specific model. Here, we explicitly construct the branched surfaces which we view as a different type of generalization of the simplest form (molecules A and B) of the Fomenko graphs.
Consider an integrable n DOF Hamiltonian on a 2n dimensional symplectic manifold M and its associated n integrals of motion H 0 = F 1 , F 2 , . . . , F n . We call the set of constants of motion valid if they are almost everywhere functionally independent on M , are pairwise in involution, and are complete. Denote by A h the set of allowed values of F 2 , . . . , F n on the energy surface . . g n the energy-momentum mapping is a trivial fiber bundle; see [2, 47] ). Recall (see section 2) that the singularity surfaces of A h are defined as the values of (g 2 , . . . g n ) for which there exists a point (q, p) ∈ M (h,g 2 ,...gn) at which s of the dF i are linearly dependent and the rank of the n vectors dF i at the singularity is n − s. Let us denote the union of the singularity surfaces of some given A h by A S h . For any finite range of (h, g) values, by the assumption on the compactness of the level sets, k(h, g 2 , . . . g n ) may change only across a singular level set, and hence
Equality of these sets is expected in the generic case with s = 1. Nongeneric (e.g., symmetric) coincidences, by which disconnected level sets coincide and split at the same g value, may be similarly treated and will be ignored here (see [18] and [33] for discussion). The behavior of k(h, g 2 , . . . g n ) near singular level sets with s ≥ 2 will be studied elsewhere.
We remark that Smale [47, 2] has called the values at which the energy-momentum map is not locally trivial in the differentiable sense (such as A S h ) the bifurcation set-these values correspond to changes in the topology of the level sets. We follow here the Lerman and Umanskii terminology, referring to A S h as the singularity set, and we reserve the term bifurcation for changes in the energy surfaces structure (see Definition 3), which is the main focus of the current work.
Define a function
where the scalar function δ(q, p) satisfies the following:
• two points belonging to the same level set have the same δ iff they belong to a connected component of M g ,
and hence
. Summarizing, there is a 1-1 correspondence between the range of S h and the connected components of the level sets in E h , and this correspondence depends continuously on the phase space points even across singularities. In particular, if the level sets are compact, every point at which S h (q, p) is smooth corresponds to a single n-torus, and every point at which S h (q, p) is not smooth corresponds to a singular level set. Applying the above procedure for n = 2 leads immediately to the construction of the Fomenko graphs. Definition 1. The branched surface of an energy surface E h is given by the surface
Definition 2. Two branched surfaces are equivalent if there exists a diffeomorphism of R n which maps one branched surface to the other.
Notice that, by definition, two equivalent branched surfaces are topologically conjugate. We require differentiable conjugacy so that the singular surfaces of two equivalent branched surfaces will be topologically conjugate to each other as well. Figure 9 demonstrates that such a construction is possible for simple systems with singularities of order 1 (namely, with s = 1). These branched surfaces generalize the simplest molecules (A, B) of the Fomenko graphs. The application of this procedure to physical models is under current investigation; it may lead to further development of the theory, generalizing the other types of molecules which were constructed by Fomenko and his coworkers. Whether this will finally lead to a complete classification of integrable higher dimensional systems, as in the 2 DOF case, is unknown to us. First steps in this direction, in a more abstract setting, are included in [17] . In any case, it is easy to see the following. Corollary 1. Given an integrable Hamiltonian system, the branched surfaces constructed from two different valid sets of constants of motion (with H 0 = F 1 ) are equivalent.
In particular, the construction of these surfaces from the EMBD, the frequency space diagram and the constant of motion diagrams are all equivalent, as demonstrated in sections 5, 6, 7.
Nearby energy surfaces correspond usually to a smooth deformations of each other; hence they will usually have equivalent branched surfaces. When nearby energy surfaces have different structures we say that the energy surface has undergone a bifurcation.
Definition 3. h c is an energy bifurcation point if the branched surfaces at h c and at h c ± ε are not equivalent for arbitrarily small ε.
The EMBD supplies global information on the bifurcations of the energy surfaces structure and their relation to resonances; consider an integrable Hamiltonian system H 0 (q, p) in a region D ⊆ M at which a transformation to the local coordinate system H 0 (x, y, I) with s = 1 is nonsingular. The energy-momentum map assigns to each point of the phase space (x, y, I) a point in the energy-momentum space (h = H 0 (x, y, I), I). The EMBD is a plot in the (h, I) space (for (h, I) in the range of D) which includes
• the region(s) of allowed motion (the closure of all regions in which the energy-momentum mapping is a trivial fiber bundle; see [2, 47] ); ∂I ), may change the topology of the energy surfaces, the structure of their singularity manifolds, and the nature of their intersections with the resonance hypersurfaces. Hence, it appears that finding the "correct" representation is ill defined in the context of the integrable system. We propose that the form of the perturbation resolves these issues.
The role of the form of the perturbation is apparent when one considers the procedure of partial averaging in near-integrable Hamiltonian systems (see [2, p. 173] ). First, this procedure implies that if for a given perturbation the number of independent resonant vectors, r, is smaller than the number of angle variables (here n − 1), then, by averaging over the n − r − 1 nonresonant directions one can obtain a system which is exponentially close to the r + 1 dimensional system depending on the n − r − 1 parameters (the averaged actions). Hence, with no loss of generality, we assume here that the perturbation includes n − 1 independent resonant directions. Then, it follows that for autonomous systems the transformation (θ, I) → (ϕ = θ − (I)t, I) produces time-dependent Hamiltonians, and hence (I) must vanish identically. 9 This trivial statement implies, in particular, that given an a priori stable nearintegrable system of the form (2.5), for generic vector α, it may not be transformed to a system with α = 0 without introducing time-dependent perturbations.
The second issue which arises is the choice of the action variables, which implicitly determines which resonances are considered strong. This issue is again well understood in the context of partial averaging [2] ; the form of the anticipated perturbation determines which of the resonant surfaces will produce the strongest response; consider the near-integrable system expressed near a singular level set in some local generalized action-angle coordinates:
Consider the Fourier series of H 1 :
Then, provided h k are monotonically decreasing (if H 1 is assumed to be analytic, h k decays exponentially for large |k|, and if H 1 is assumed to be C r , the decay rate is of order |k| −r ), the strongest resonances are given by the frequencies satisfying k, ω = 0 for k values which are included in the sum (h k = 0 near the singular level set) and satisfy |k| ≈ r 0 ; see [2] for an exact definition and discussion. In particular, by a change of the action angle coordinates (θ, I) → (ϕ, J) one may arrange the terms so that the first n terms in the above sum have
. . , n (where r j is in the jth place, and are monotonically increasing with j). Then, the strongest resonances occur along the action variables directions.
Summarizing the above observations, we propose the following.
Definition 4. The local generalized action-angle coordinates (x, y, θ, I) of the integrable part of a near-integrable system are called suitable if the following hold:
• The perturbed system is autonomous.
• The strongest n − s resonant terms are nonzero and are aligned, in decreasing order, along the n − s actions. More precisely, let Proof. First, we recall that by generalized action-angle coordinates we assume that near the singular level set the unperturbed equations of motion for (I, θ) are of the form
and similarly for the (J, ϕ) coordinates. Let W (J, θ) denote the generating function which
Since both θ and ϕ are angle coordinates, it follows that
, where R is a unimodular integral matrix (see [2, p. 173] ), so that
In particular, the requirement that both θ and ϕ are 2π periodic in all their arguments and that the transformation is smooth implies that R is a constant integral matrix, independent of J f . Furthermore, extending the transformation to a neighborhood of the singular level set must still preserve this property. To complete the proof, we need to show that R = Id. Indeed, expressing the perturbed part of the Hamiltonian in the (x, y, θ, I) coordinates and using the above transformation in (4.2), we obtain
with k j ||e j n−s for j = 1, . . . , n − s (where R −1 is a unimodular integral matrix as well). Therefore, insisting that q, p, ϕ, J are suitable implies that for all ϕ
Conversely, one may take the usual convention by which, given an integrable Hamiltonian in a given coordinate system, the analysis determines which form of the perturbation will cause the largest instability in the vicinity of a given resonance junction. In particular, by the appropriate change of coordinates of the integrable system, one obtains that the strongest resonances possible are realized when k = e In our presentation of the energy surfaces in the energy-momentum plots we relate changes in the energy surface singular structures to strong resonances of lower dimensional tori and to instabilities in the near-integrable system. To make such statements well defined, we insist that the coordinates we use are locally suitable coordinates. On the other hand, results which relate strong resonances to topological changes in the energy surfaces (e.g., Theorem 2) are independent of the choice of the coordinate system.
A priori stable systems.
To obtain a good understanding of the proposed presentation of the EMBD we begin with the simplest and most familiar model of a priori stable systems near the lower dimensional torus. Let us examine the presentation of the regular part of the energy surface first in the frequency space and then in the energy-momentum space.
Energy surfaces in the frequency space (S).
For the standard Hamiltonian H st (see (2.5)) the transformation from momentum to frequency variables is a shift (ω(I) = α+I, α = (1, α 1 , α 2 )) and is regular everywhere, so we can write
and we obtain the standard result that in the definite case the energy surfaces appear in the frequency space as spheres centered at ω = 0. The natural oscillations near the elliptic fixed point x = y = 0 (where the transformation from the (x, y) coordinates to the action-angle coordinates is singular) correspond to the circle ω 0 = α 0 = 1, and in this representation appear as a regular level set of the energy surface. Here it is natural to insist on positive I 0 value, leading to energy surfaces in the form of "caps" with boundaries:
The boundary ω 0 = α 0 corresponds to the family of lower dimensional tori x = y = 0 on the given energy surface; see Figure 1 . In the figure we also show the dense intersection of the resonance surfaces, given by planes passing through the origin, with this cap (see [2, 23, 34] and references therein). The planes ω i ≡ 0, i = 0, 1, 2, correspond to the strongest resonances. Notice that the only energy surface which includes the origin is a sphere with diminishing radius, and such an energy surface is disallowed for systems of the form (5.1) since 10 α = 0.
Energy surfaces in the energy-momentum space (S).
In Figure 2 , we construct the EMBD of the system (2.5) by presenting the energy surfaces in the space (H 0 , I 1 , I 2 ), where H st (x, y, I) = H 0 . For any given energy H 0 = h, the allowed region of motion is bounded by the family of normally elliptic 2-tori (x, y, I) = (0, 0, I(h)). The corresponding singularity surface in the EMBD is given by the paraboloid
namely, for a given h, (I 1 , I 2 ) belong to a circle of radius 2h + α 2 1 + α 2 2 which is centered at (−α 1 , −α 2 ).The singularity manifolds corresponding to normally elliptic invariant tori are denoted by a collection of solid curves in the EMBD as demonstrated in Figure 2 . To see that motion is allowed only for I values which are interior to this paraboloid notice that from (2.5)
The energy surfaces which appear as caps in the frequency space are "flattened" here to discs in the energy-momentum space. An example of an energy surface in the (I 2 , I 1 ) plane, corresponding to the two dimensional (2D) slice of Figure 2 at H 0 = 1, is presented in Figure  3A . The thin vertical lines in the 2D sections of the EMBD indicate the region of allowed motion. In Figure 3B we present a 2D slice in the (H 0 , I 1 ) plane at I 2 = 0, on which we schematically indicate the corresponding Fomenko graph by a thick black line. The Fomenko graph for any positive h and an interior I 2 value is simply a segment: each interior point on this segment corresponds to a single 3-torus, and each of the end points corresponds to a normally elliptic 2-torus ("atom A" in [18] ). For such a fixed I 2 value the energy surface appears as a 2-sphere in the (x, y, I 1 ) space. The poles of this sphere are normally elliptic 2D tori, and they correspond to the boundaries of this component of the energy surface. Equivalently, we may think of a natural generalization of the Fomenko graphs to branched surfaces, and in this trivial case the branched surface is simply a single disk, as shown in Figure 9A : an interior point to the disc corresponds to a 3-torus, and a point on the disc boundary corresponds to a 2-torus. The strong resonances ω i = 0, i = 1, 2, correspond here to the hyperplanes I i = −α i . Their intersections with the singularity manifold p 0 ell satisfy
Namely, it corresponds to a fold in the singularity manifold p 0 ell . Here the relation between total derivatives with respect to I i along p 0 ell and the corresponding partial derivatives of H is trivial. Notice that the same relation is satisfied even when the location of the singularity manifold depends on I i since ∇ x,y H vanishes on the singularity surfaces. This latter property is coordinate-independent as long as the coordinates are suitable.
In Figures 2 and 3 we indicate the strongest resonant 3-tori by starred lines (for · θ 1 = 0) and dotted lines (for · θ 2 = 0). The intersection of these surfaces (here planes) with the singularity surface (x = y = 0) corresponds to the strongly resonant families of lower dimensional tori {(x, y, I) = (0, 0, −α 1 , I 2 )},{(x, y, I) = (0, 0, I 1 , −α 2 )}. These two families of 2-tori intersect at the minimal possible energy where (I 1 , I 2 ) = (−α 1 , −α 2 ), corresponding to a 2-torus of fixed points. Namely, this torus of fixed points corresponds to a topological change in the energy surface-for energies below the value at which this torus appears there is no allowed motion. For energies above it we have one connected component of energy surface as described above. This observation is a trivial manifestation of Theorem 2.
Qualitative behavior of the near-integrable system (S).
The motion in the nearintegrable system H(θ, I) = H st (I) + εH 1 (θ, I) is restricted to the energy level H = h. Since H 1 (θ, I) is assumed to be bounded, we obtain that the unperturbed energy surfaces with H st (I) = h * , |h * − h| < Cε supply an a priori bound to the motion. For energy surfaces of large extent, such an a priori bound is irrelevant due to Nehorošev-type theorems and the Arnold conjecture. Hence, in this case the only new information obtained from the EMBD is regarding the appearance of strong lower dimensional resonant tori (and even this information can be extracted from the frequency plot). Near the doubly resonant normally elliptic lower dimensional torus, where (x, y, I) = (0, 0, −α 1 , −α 2 ), one may expect small perturbations to produce large instabilities. Our trivial observation regarding the extent of the energy surface immediately shows that the extent of the instability cannot be larger than O( √ ε), the extent in the I space of the energy surfaces with H st (I) = h * , |h * − h| < Cε. We may expect that the behavior near the doubly resonant torus will be dramatically different if the dependence on the actions is either linear or indefinite, e.g.,
namely, the energy surfaces are unbounded, and, in particular, the energy surface passing through the elliptic double resonant fixed point is unbounded. Such considerations are the trivial analogues to the nonlinear stability theorems of Arnold-Marsden and have been studied and discussed in the context of normal forms near elliptic fixed points [2, 40] .
6. A priori unstable systems. The phase space structure of the standard Hamiltonian H ust (see (2.6)),
is given by the product of a figure eight motion in the xy plane and a family of 2-tori in the (θ, I) space. The precise structure of each energy surface, which demonstrates how a given energy may divide between the three modes (degrees of freedom) requires a bit more attention. Since there are no global action-angle coordinates in the (x, y) plane, it is instructive to start with the presentation of the energy surfaces in the energy-momentum space and then discuss the presentation in the frequency space.
Energy surfaces in the energy-momentum space (U).
To construct the EMBD we find the singularity manifolds of the Hamiltonian (6.1). These manifolds correspond to fixed points of H xy (x, y). The normally elliptic singularity surfaces, corresponding to {x = ±1, y = 0}, are given by the identical 11 paraboloids
where
The normally hyperbolic singularity surface corresponding to x = y = 0 and its separatrices is given by the paraboloid
In Figure 4 an EMBD of system (6.1) is presented as two nested paraboloids. The singularity manifolds are drawn according to the normal stability of the lower dimensional invariant tori they represent-the normally elliptic singularity manifolds (p ± ell (h, I 1 , I 2 )) are drawn as a collection of solid curves, whereas the normally hyperbolic singularity manifold (p 0 hyp (h, I 1 , I 2 )) is drawn as a collection of black dashed curves. Thus we follow the traditional notation in bifurcation diagrams.
Given an energy surface H ust (x, y, I 1 , I 2 ) = H 0 = h with h ell ≤ h < h hyp , the three dimensional (3D) and 2D EMBD look locally similar to those of the a priori stable system, presented in Figures 2 and 3 : for each fixed energy value in this range the energy surface is a disk in the (I 2 , I 1 ) plane. However, each point interior to this disk corresponds to two sets of 3-tori, one in each well of the potential of H xy (x, y). Points on the boundary of the disk correspond to the two normally elliptic 2-tori, {x = ±1, y = 0, H ust (±1, 0, I 1 , I 2 ) = h}. Hence, the Fomenko graph for any one dimensional (1D) section of each such disk is given by two disconnected segments, as shown in Figure 5B . Equivalently, the generalized branched surfaces for this range of energies is the union of two disconnected discs (see Figure 9B ). Each point belonging to the interior of the branched surfaces represents, as before, a single 3-torus, and every point on the solid boundary of the discs represents, as before, a single, normally elliptic 2-torus. The multiplicity in the number of components of the level set corresponding to a given (h, I 1 , I 2 ) is expressed by the multiplicity in the number of components of the branched surfaces for these values of (h, I 1 , I 2 ); see section 3.
For h ≥ h hyp the energy surfaces include the singular level set of the separatrices, which divides the energy surface into two topologically different regimes; see Figure 5A . A point (h, I 1 , I 2 ) inside the disk enclosed by p 0 hyp (h, I 1 , I 2 ) (the dashed circle in Figure 5A ) corresponds to a single 3-torus. Trajectories belonging to this torus encircle both wells in the xy plane. A point inside the ring bounded between p 0 hyp (h, I 1 , I 2 ) and p ± ell (h, I 1 , I 2 ) corresponds to two sets of 3-tori; trajectories belonging to one of these tori oscillate in one of the wells in the xy plane. The Fomenko graph for this case is shown schematically on the cross-section in Figure 5B (in thick black). The generalized branched surfaces here are two rings which are glued together in a central disk ( Figure 9C ). Each regular point of the branched surface corresponds to a single 3-torus, each point belonging to the dashed circle corresponds to a normally hyperbolic 2-torus and its separatrices, and each point belonging to the solid (outer) boundaries of the rings corresponds to a single normally elliptic 2-torus.
Intersections of the singularity manifolds with the hypersurfaces of strongest resonances correspond to folds of these singularity manifolds in the EMBD (see Figures 4 and 5) . This is the essence of Theorem 1 (see section 8.1). For example, the paraboloids p 0 hyp (h, I 1 , I 2 ) and p ± ell (h, I 1 , I 2 ) fold as they cross the surface I 1 = −α 1 (and similarly at I 2 = −α 2 ) and indeed −α 2 ) are doubly resonant; these are 2-tori of fixed points. In Figure 4 the strong resonance in the I 1 direction (θ 1 = 0) is denoted by a surface of green starred lines and the strong resonance in the I 2 direction (θ 2 = 0) by a surface of cyan dotted lines; the double fold corresponding to a 2-resonant hyperbolic 2-torus (a hyperbolic torus of fixed points) is denoted by a red star.
Observe that the topology of the family of equi-energy normally hyperbolic lower dimensional tori (p 0 hyp (h, ·), with fixed h) changes exactly at this double fold point, p 0 hyp (h hyp , −α 1 , −α 2 ), where a 2-torus of fixed points resides; for h < h hyp the singularity surface p 0 hyp (h, ·) does not exist and the energy surfaces have two disconnected components ( Figure 9B) , whereas for h > h hyp the singularity surface p 0 hyp (h, ·) is a circle and the two components of the energy surface connect on this circle ( Figure 9C ). This is again a manifestation of Theorem 2 (see section 8.1). Similarly, for the natural n DOF generalization of H ust , [46, 38, 37] ).
We emphasize that the appearance of an n − 1 dimensional torus of fixed points which is normally hyperbolic is a persistent 12 phenomena in integrable n (n ≥ 2) DOF Hamiltonian systems [38] and is not related to the symmetric form of (6.3).
Energy surfaces in the frequency space (U).
For small energy levels, h ell ≤ h < h hyp , we have seen that the disk H ust (x, y, I 1 , I 2 ) = h in the (I 2 , I 1 ) plane (see Figures 5B and 9B) corresponds to two separate smooth compact components of the energy surface. In the frequency space these appear as one cap of hyperbola, centered at the origin. Indeed, the natural frequency in the xy plane at the elliptic points is ω 0 (h,
2, the direction of rotation is preserved for all orbits (so ω 0 (h, I 1 , I 2 ) ≥ 0), and the frequency monotonically decays as the action of the periodic orbits grows. Denoting by ω 0 min (h) > 0 the frequency of the two symmetric periodic orbits in the xy plane satisfying H xy (x, y) = h, it follows that for this range of energies
In Figure 6 an example of such a cap shaped energy surface of system (6.1) in the frequency space is shown.
For h ≥ h hyp the behavior near the separatrices needs to be presented. Since the frequency in the xy plane is well defined for all orbits except the separatrices, and since ω 0 (x, y) → 0 as the separatrix is approached, defining ω 0 (0, 0) = 0 makes ω 0 (x, y) a continuous (nondifferentiable) function of the xy energy level. (This observation is used extensively in the frequency map plots; see [28] .) Hence, for H 0 = h ≥ h hyp , an energy surface in the frequency space has an annular cap component which meets at the (singular) circle ω 0 = 0 a central cap; see Figure 7 . The annular cap corresponds to the two sets of tori for which the motion is restricted to one of the wells in the xy plane, whereas the central cap corresponds to a single family of 3-tori for which the motion in the xy plane surrounds both wells of the potential.
Recall that strong resonances are created when the energy surface intersects one of the ω i = 0 planes. However, here, the surface approaches the plane ω 0 = 0 singularly, and the normally hyperbolic torus is not resonant in the θ 0 direction.
Qualitative behavior of the near-integrable system (U).
Using the plots of the EMBD we may read off all possible sources of instabilities for near-integrable n DOF systems with unperturbed Hamiltonian of the form (6.3). Here we need to combine several effects:
• Instabilities associated with the regular resonance web. Such instabilities may appear near any point in the EMBD.
• Instabilities associated with splitting of the separatrices (as in 1.5 DOF systems). Such instabilities may appear for any h > h hyp in an ε neighborhood of the surface p 0 hyp (h, ·).
• Instabilities associated with the existence of families of separatrices on the same energy surface (as in Arnold's conjecture for the existence of whiskered transition chain). For n ≥ 3, these appear for any h > h hyp near the surface p 0 hyp (h, ·).
• Instabilities associated with strongly resonant normally hyperbolic tori. For k < n− 1, the k-resonant normally hyperbolic tori appear for all h > h hyp , and their effect must be included in the above mentioned transition chain.
• Instabilities associated with the topological bifurcation of the energy surface near h = h hyp . There, p 0 hyp (·) has an n − 1 fold point and the normally hyperbolic torus p 0 hyp (h hyp , ·) is a torus of fixed points. Hence, these are the instabilities associated with perturbations of a normally hyperbolic torus of fixed points in the nondegenerate case.
While the analysis of each of the above items is not yet well understood, we propose that the inclusion of rough lower bounds on the instability associated with each of the above phenomena supplies nontrivial information on the system. In Figure 8 we plot on a 2D slice of the EMBD and O(ε) band around the separatrix level sets (the light shaded region), and indicate an O(ε) slab of energies to which the perturbed motion is restricted near a hyperbolic resonance (the dark shaded strip). The geometry near the hyperbolic resonant tori immediately presents itself as a source for larger instabilities than the nonresonant terms. The analysis of this case for n = 2 has been developed; see [23] and references therein. Here we see that in the 3 DOF context the hyperbolic resonant 2-tori, p hyp (h, −α 1 , I 2 (h)) and p hyp (h, I 1 (h), −α 2 ), belong to the circle of equi-energy normally hyperbolic 2-tori, p hyp (h, ·); hence, one is lead to the study of whiskered transition chains with resonant gaps (see [9] and references therein). The subject of transition chains of whiskers in a priori unstable systems has received much attention in recent years (see, e.g., [8, 49, 50] and references therein). Furthermore, as (I 1 , I 2 ) → (−α 1 , −α 2 ) we approach a double resonant hyperbolic torus-in this case the 3D figure corresponds to a revolution of the EMBD in Figure 8 around the starred line, with the strong resonant planes intersecting as in Figure 4 . Here the radius (in I) of the circle p hyp (h, ·) scales as √ ε (see Figure 8) ; hence the transition chain created near such a double resonant hyperbolic torus cannot create large instabilities. If the terms in I are indefinite near such a torus, this situation may change (though our preliminary numerical simulations appear to indicate that even then the instability induced by the separatrices is not significantly enhanced [38] ).
Finally, we note that the doubly resonant elliptic tori p ± ell (h, −α 1 , −α 2 ) reside on two small separate components of the energy surface and hence cannot induce large instabilities, and that other cases corresponding to unbounded energy surfaces may be classified similarly.
Bifurcating systems.
For n DOF systems with n ≥ 3 the appearance of parabolic resonant tori is persistent (see [38] ); hence their study is both mathematically fascinating and physically relevant. Combining our understanding of the stable and unstable systems, we can now study H bif :
The phase space structure of the Hamiltonian H bif for any fixed I is obvious; for I 1 > 0 it is given by the product of a figure eight motion in the xy plane and a family of 2-tori in the (θ, I) space as in H ust , whereas for I 1 < 0 it corresponds to an elliptic motion around the origin in the xy plane and a family of 2-tori in the (θ, I) space as in H st . At I 1 = x = y = 0 the system has a family of normally parabolic 2-tori. To understand the precise structure of each energy surface, we again construct the EMBD and the corresponding branched surfaces and then present the interesting energy surfaces in the frequency space.
The symmetric form of (7.1) implies that at I 1 = 0 we have a pitchfork bifurcation in the xy plane, whereas for a generic asymmetric integrable bifurcating Hamiltonian one should consider instead a saddle-center bifurcation at I 1 = 0. The EMBD and branched surfaces analysis of such systems is analogous to the one presented here. The phenomena of parabolic resonances (PR) in the asymmetric case has not been investigated yet.
Energy surfaces in the energy-momentum space (B).
Recall that the boundary of the allowed region of motion is composed of the singularity surfaces corresponding to lower dimensional normally elliptic tori. For (7.1), these are given by the normally elliptic tori at
and the elliptic tori at {(x, y) = (0, 0); Expressing the Hamiltonian on these surfaces in a quadratic form,
shows that the sign of µ 1 − α 2 3 determines whether the energy surfaces are bounded in I. Here, for simplicity, we present a bounded case:
Other cases change some of the inequalities below, leading to a different EMBD and may be similarly analyzed; see [36, 35, 37, 38] , where we considered mainly unbounded models. Here, (7.5) and (7.6) define paraboloids, and their intersections with the plane of constant energy define ellipses (see Figures 10, 11, 12, 13, 14, 15, 16 ).
The minimal energies for which these paraboloids are defined are
with the corresponding minimizing actions
Finally, notice that the surface I 1 = 0 cuts the paraboloids p ± ell (h, I 1 , I 2 ) and p 0 ell,hyp (h, I 1 , I 2 ) along a parabola which corresponds to a family of normally parabolic 2-tori,
From these computations we can already conclude that for the chosen set of parameters the energy surface's structure is represented by the branched surfaces shown in Figures 11B-E . Before describing the properties of these surfaces in detail, we examine the appearance of strong resonances so that the topological bifurcations and the appearance of resonant tori may be explicitly related.
Since
resonances in θ 2 (i.e., resonances in the direction of I 2 ) are given by the intersection of the domain of allowed motion with the plane
In particular, resonant lower dimensional tori appear when this plane intersects the paraboloids
, and p 0 par (h, ·). Due to the cross term x 2 2 I 1 in H bif (see (7.1)) we cannot get such a simple and explicit expression for the θ 1 -resonant tori surface ω 1 (I 1 , I 2 ) = 0. However, the intersection of this surface with the singularity surfaces may be easily found; the hyperbolic (resp., elliptic) lower dimensional tori p 0 hyp (h, ·) (resp., p 0 ell (h, ·)) are resonant when ω 0 1 = 0, where so resonance occurs exactly at the fold of the singularity surface in the I 1 direction. Hence, the intersection of the plane
corresponds to the family of lower dimensional tori that are resonant in the I 1 -direction (the green starred curves in Figure 10 
Hence, the intersection of the plane
with the paraboloids p ± ell (h, I 1 , I 2 ) corresponds to these two families of normally elliptic lower dimensional tori that are resonant in the I 1 -direction, p ± res−1 (h, I) (denoted by green starred curves in Figure 10 as well). The manifold of 3-tori, which are strongly resonant in θ 1 ,
2 ) along the families p 0 res−1 (h, I) and p ± res−1 (h, I). Clearly, from the form of (7.1), strong resonance in the xy plane (namely, the normal frequency Ω = ω 0 (h, I 1 , I 2 ) = 0) may occur only at the parabolic tori p 0 par (h, 0, I 2 ), the manifold of dashed curves to hyperbolic 2-tori, p 0 hyp (h, I 1 , I 2 ), and the curve of red circles to parabolic 2-tori, p 0 par (h, I 1 , I 2 ); the strongest resonance in the I 2 -direction (θ 2 = 0) is denoted by a blue surface of dotted lines and the 2-tori with the strongest resonance in the I 1 -direction ( θ 1 xy = 0) by green starred curves. The yellow volume (or shaded regions in the 2D EMBD) corresponds to regular 3-tori on whichθ 1 changes sign (back-flow). The surface of 3-tori which have strong resonance in the I 1 -direction is contained in this region.
Taking the 2D slices H 0 = h of Figure 10 for increasing h values, we describe below the structure of the corresponding branched surfaces in Figures 9B-E . The intersections of the strong resonance surfacesθ 2 = 0 and ω 1 (I 1 , I 2 ) = 0 with these 2D slices are denoted by a dotted line and a starred curve (which is calculated numerically), respectively. For energies in the range H 0 = h, h + min ≤ h < h 0 min , the energy surfaces are composed of two separate components corresponding to oscillations in each of the potential wells (as in the low energy a priori unstable case). The energy surface in the EMBD is an ellipse, so any 2D section of Figure 10 for this range of energies is similar to the EMBD slices of system H st presented in Figure 3 ; see Figure 11A . The Fomenko graph for any 1D section of this ellipse is simply two segments; see Figure 11B . Equivalently, the branched surfaces are two identical discs as in Figure 9B , and the strong resonance surfaces ω 1 (I 1 , I 2 ) = ω 2 (I 1 , I 2 ) = 0 intersect the energy surface transversely, as shown by the starred and dotted lines in Figure  11A and schematically in Figure 14A . In particular, since the two resonant in the I 1 direction lower dimensional elliptic tori, p , I 1 , I 2 ), it follows that the curves p res−1 (h, I 1 , I 2 ) and p res−2 (h, I 1 , I 2 ) of resonant 3-tori must intersect at least once in a double resonant 3-torus as shown schematically in Figure 14A ; indeed, a transverse intersection of the strongest resonance curves is depicted in Figure 11A .
At H 0 = h = h 0 min ( Figure 12A ) a hyperbolic resonant bifurcation occurs; the singularity surface p 0 hyp (h, I 1 , I 2 ) appears in a 2-fold (since I 1min 0 > 0), creating a torus of fixed points which is normally hyperbolic; see Figure 12B , where the 2D slice I 2 = I 2 min 0 of Figure 10 is presented, and the newly born 2-resonant hyperbolic torus appears there in the fold of the dashed curve. Figure 12A shows that this torus does not appear at the intersection of the two strong resonance curves ω 1 = ω 2 = 0 (as in the a priori unstable case and as depicted schematically in Figure 14B ). It appears as an isolated star 13 (θ 1 = ω 0 1 = 0) residing on the dotted line (θ 2 = ω 2 = 0). Topologically, at this point the two disks of the branched surfaces meet, so that for H 0 = h, h 0 min < h < h p min , we have, as before, a ring of I values for which two families of 3-tori, corresponding to oscillation in the wells, coexist and a central disk of I values for which only one family of 3-tori, corresponding to motion around the two wells, exists. The boundary between these regions is an ellipse of I values, corresponding to normally hyperbolic 2-tori; see Figures 12C,D and the corresponding Figures 9C and 5A .
Using the computation of p 0 res−1,2 (h, I), the minimal number of intersections of the strong resonance curves p res−1 (h, I 1 , I 2 ) and p res−2 (h, I 1 , I 2 ) in the interior disk is found to be one, as shown in Figure 14C . The 2D sections of Figure 10 for these ranges of energies demonstrate that for the bifurcating system (7.1) additional intersections appear 14 (see Figure 12A,C,D) . A bifurcation in the iso-energetic strong resonance curve ω 1 = 0 occurs at H 0 = h = h 0 min . For h < h 0 min this resonance curve has one component and it is smooth; at the bifurcation point h = h 0 min it splits to two components-a smooth curve of resonant 3-tori with two resonant elliptic 2-tori at its boundary and a resonant hyperbolic 2-torus as a separate component (see Figure 12A ). For h 0 min < h < h c ω 1 , the iso-energetic curve ω 1 = 0 has three components: the smooth component of resonant 3-tori with elliptic resonant 2-tori as its boundary and the other two components, which reside above and below the ellipse of hyperbolic 2-tori and meet at the two resonant hyperbolic 2-tori, as seen in Figure 12B . As the energy value increases, the components of ω 1 = 0 approach each other until at the next bifurcation point of this curve,
, all three components meet again (for the parameters chosen here h c ω 1 ≈ −0.59; see Figure 12D ), forming, for h > h c ω 1 , one nonsmooth component with cusp points at the resonant hyperbolic 2-tori, as seen in Figure 13A . (So the resonant surface ω 1 = 0 folds in the shape of a nose looking toward the negative h values in the EMBD.) 13 Look below the starred curve, at the boundary of the yellow shaded region. 14 One can argue that this more complicated scenario is the generic one. 2 , creating a parabolic torus (see Figure 13A and the schematic representation of Figure 9D ). This bifurcation is, again, associated with a fold in the singularity surfaces of the EMBD and therefore with a resonance of a lower dimensional torus (see Theorems 4 and 5 in section 8.2). Indeed, at H 0 = h p min , the parabola p 0 par (h, I 1 , I 2 ) folds in the I 2 direction at I 2 = −α 2 ; hence this parabolic 2-torus is resonant in θ 2 :
Furthermore, parabolicity of this torus implies that the torus is strongly resonant in the xy plane; namely, ω 0 0 = 0, so at h = h p min a double resonance occurs at the torus (x, y, I) = (0, 0, 0, −α 2 ). This coincidence of resonances and of topological changes in the energy surfaces is shown schematically in Figures 14C-E. Figures 12 and 13 demonstrate its occurrence for (7.1). The dotted line, representing resonant tori in the I 2 -direction, intersects the boundary of the allowed region of motion at the parabolic torus (a circle in the figure).
For h > h p min , the branched surface is a disk with two flaps emanating from it (see Figure  9E) , where the two end points of the flaps correspond to parabolic tori. For Hamiltonian (7.1), the ellipse H bif (0, 0, I 1 , I 2 ) = h defines the boundary of this disc. The ellipse corresponds to hyperbolic tori for I 1 > 0 (the dashed part of the inner ellipses in Figure 15 ) and elliptic tori for I 1 < 0 (the lower solid part of the ellipses in Figure 15 ). The flaps' upper boundaries (upper solid line in Figure 15 ) are defined by the ellipse H bif (± √ I 1 , 0, I 1 , I 2 ) = h for I 1 ≥ 0. The two meeting points of the flaps (denoted by circles) with this disk correspond to the two parabolic tori which reside on the energy surface (see (7.9) ). Now, consider the relative location of the resonant in the I 1 -direction 2-tori, p 0 res−1 (h, I), and the parabolic 2-tori, p 0 par (h, I), on the ellipse H bif (0, 0, I 1 , I 2 ) = h. For h values which are slightly larger than h p min , this pair of resonant 2-tori lives on the upper part of the ellipse, above the parabolic tori; hence they correspond to normally hyperbolic resonant 2-tori, as shown schematically in Figure 14D . For such values of h the curve p res−1 (h, I 1 , I 2 ) intersects only the upper part of the ellipse (the dashed part of the ellipse in Figure 15A , corresponding to hyperbolic tori), so there are no resonant in the I 1 direction normally elliptic 2-tori at the origin (i.e., p 0 hyp (h, Figure 15A . For energy values greater than H 0 = h par−res1 = 0 (i.e., for h > h par−res1 ), this situation changes; for H 0 = h > h par−res1 , the resonant plane p res−1 (h, I 1 , I 2 ) intersects each of the curves p 0 hyp (h, ·) and p 0 ell (h, ·) at one point (see the schematic Figure 14F and the energy surface in Figure 15B ). Namely, one of the resonant hyperbolic lower dimensional tori becomes normally elliptic for H 0 = h > h par−res1 . Therefore, at the bifurcation value, H 0 = h par−res1 = 0, the resonant plane in the I 1 -direction intersects the ellipse p 0
, where a parabolic, resonant in the I 1 direction, lower dimensional torus is created (the schematic Figures 14E,F show the aforementioned intersections before and after this bifurcation). Indeed, Figure 16 shows that at H 0 = h par−res1 = 0 one of the resonant hyperbolic tori changes its stability and becomes parabolic. (The end point of the starred curve, ω 1 = 0, intersects one of the circles denoting a parabolic 2-torus; note that at the bifurcation point H 0 = h par−res1 , the iso-energetic curve ω 1 = 0 ceases to have two cusp points and thereon has only one cusp point at the remaining resonant hyperbolic 2-torus.) Figure 17A demonstrates that the resonance in the I 1 -direction is indeed associated with a fold of the parabola p 0 hyp (h,
at the origin; the 2D slice of the EMBD at I 2 = 0 shows that the circle denoting the parabolic torus and the star denoting the strong resonance in the I 1 direction coincide.
Bifurcation values for the parameters are now easily identified. First, we see that at
namely, all the bifurcations mentioned above occur at one energy surface, and a double resonant (torus of fixed points in the 3 DOF case) normally parabolic torus is created, as shown in Figure 17B , where the star (ω 1 = 0), the dotted line (ω 2 = 0), and the circle (a parabolic torus) coincide. Then, the energy surface H 0 = α 2 = 0 of system (7.1) shrinks to one 2-resonant normally parabolic 2-torus of fixed points. The existence of a double resonant parabolic torus is a codimension one phenomena for 3 DOF systems and a persistent phenomena in 4 or larger DOF systems [38] . Normally parabolic tori of fixed points are a codimension one phenomenon for any n ≥ 2 (see [45, 38, 37] for more details). Second, notice that
hence, the fold of the singular surface p + ell (h, I 1 , I 2 ) in the I 1 -direction becomes flatter as µ 1 → 0 (put differently, the dependence of the frequency ω ± 1 on I 1 becomes weaker). It is seen that holding α 3 fixed in this limit changes the character of the energy surfaces from being bounded to being unbounded in I 1 , I 2 . We will not delve into the analysis of all the different limits which may be taken here; some of these limits are studied in detail in previous works (see [45, 46, 35, 36, 37, 38] ). In particular, note that the appearance of flat parabolic resonant tori in such a situation gives rise to strong instabilities (see [38] and [37] ).
The frequency domain plots (B).
We plot the energy surfaces (ω H ) of the bifurcating system in the frequency space for typical and bifurcating energy values (h + min , h 0 min , h p min , and h par−res1 and h values in between them) with the resonance web plotted on them. We demonstrate that the structure of these webs differs from the structure of webs of a priori stable systems in its nonuniformity and its behavior near the origin.
The simplest type of energy surface component contains only elliptic lower dimensional tori. For H 0 = h, h + min < h < h 0 min , it appears as a smooth codimension one surface with boundaries, as shown in Figure 18 , similar to Figure 6 . This smooth compact component is a smooth deformation of the disk appearing in the energy-momentum space, (H 0 , I 2 , I 1 ). Transverse intersection of a smooth component of ω H with one of the planes ω j = 0 corresponds to a strong resonance; for energy surfaces in the range h + min < h < h 0 min this occurs only for j = 1, 2 (it cannot occur for j = 0 since in this energy range ω 0 > 0). In Figure 18 (and in the following figures here) the red starred curve corresponds to the intersection of the energy surface, ω H , with the resonance plane, ω 1 = 0, and the black thick dotted line denotes the intersection of ω H with ω 2 = 0. The lower dimensional elliptic resonant tori correspond to the intersections of the surfaces' boundary, which is plotted in thick black, with the ω j = 0 (j = 1 or 2) planes. The energy value H 0 = h 0 min is a bifurcation value at which one 2-resonant hyperbolic 2-torus (hyperbolic torus of fixed points) appears. It creates a singular cusp point in the energy surface ω H (see Figure 19 ), where this energy surface is presented in the three frequency space in the left plot (each blue thin curve corresponds to a fixed value of I 2 , the red starred curve to the strong resonance ω 1 = 0, the black dotted line to the strong resonance ω 2 = 0, and the black thin curve to the boundary of ω H , consisting of 2-tori) and the resonance web on this energy surface is presented in the right plot. The resonance webs presented here are calculated by finding (approximately) the points on the energy surface for which k, ω H = 0 for 0 < |k| = |k 1 | + |k 2 | + |k 3 | ≤ 21, where the size of the dots is in inverse relation to |k|; i.e., the stronger the resonance the larger the dot indicating it (note that for the weaker resonances the difference in the size of the dots is indistinguishable). The hyperbolic 2-resonant 2-torus in Figure 19 resides in the cusp, far from the other resonance lines and from the main resonance junction, where the strong resonances intersect (this might suggest an additional reason for not observing strong instabilities of the perturbed system near such hyperbolic double resonances [38] ).
Energy surfaces with H 0 = h, h 0 min < h < h p min , include an ellipse of hyperbolic tori with their separatrices. As for the a priori unstable case, we find that the energy surface ω H collides at this singular ellipse with the plane ω 0 = 0 and then bounces back with the same sign of ω 0 (since the direction of motion does not change from the exterior to the interior tori). Using (7.12) and (7.10) we find that the singularity manifold corresponding to the family of hyperbolic 2-tori is given by
For our parameter range it is a tilted ellipse lying in the ω 0 = 0 plane which is centered at the origin; see Figure 20 (similar to Figure 7 ).
On one side of this singularity manifold each point on the energy surface corresponds to two 3-tori, and on the other side to a single 3-torus as summarized by Figure 9C . Each of the surfaces ω j = 0 (j = 1, 2) intersects the ellipse at two points, at hyperbolic 1-resonant 2-tori. In [38] we prove that such intersections are persistent. Recall that even though the singular circle is contained in the ω 0 = 0 plane it does not correspond to a double resonance of the lower dimensional torus: ω 0 = 0 at the homoclinic loop, whereas the normal frequency of the hyperbolic torus is imaginary and is nonzero. At the bifurcation value H 0 = h p min a parabolic (resonant in the I 2 -direction) torus first appears; see Figure 21 . An important observation is that parabolic tori are a priori resonant: their normal frequency vanishes. Indeed, let ω = (Ω, ω n−1 ) ∈ R n denote the n dimensional vector of frequencies, including the normal frequency Ω, and the inner frequencies (ω n−1 ∈ R n−1 ) of the (n − 1)-torus. Parabolicity implies Ω = 0; hence, k 1 = e 1 n = (1, 0, . . . , 0) satisfies the resonance condition k 1 , ω = 0 (indeed, in the resonance web plots a large dot indicating strongest resonance always appears on the parabolic tori; see, e.g., Figure 21 ). Lower dimensional resonance implies that there exists at least one additional vector of integers, k 2 = (0, l n−1 ), l n−1 ∈ Z n−1 , such that k 2 , ω = 0. Hence, parabolic lower dimensional resonant tori correspond to junctions in the resonance web with at least one strongest resonance (indeed, the parabolic torus in Figure 21 is doubly resonant, residing on the junction ω 0 = ω 2 = 0). In particular, if the parabolic torus appears at the origin, where all resonances intersect, it corresponds to an (n − 1)-resonant (n − 1)-torus, namely to a parabolic torus of fixed points. In [38] we prove that such a scenario is persistent in a one parameter family of integrable n DOF Hamiltonian systems with n ≥ 2.
A typical energy surface in the energy range H 0 = h, h p min < h < h par−res1 = 0, is shown in Figure 22 and in the range H 0 = h > h par−res1 = 0 in Figure 23 , where the two parabolic tori are denoted by red circles. Then, the natural frequency in the xy-direction found from linearization at the origin,
shows that the singularity ellipse (7.14) detaches from the ω 0 = 0 plane with a square-root distance. Topologically, the energy surface is well described by the branched surface in Figure  9E .
The colliding surface, at which ω H is singular (nonsmooth), is clearly of codimension two, and it corresponds to the family of hyperbolic tori which live on the given energy surface. The end points of this collision surface, where the projection singularity heals and the energy surfaces cease to contain hyperbolic tori, correspond to parabolic tori, a codimension three surface, namely, points in Figures 9, 21, 22 , 23, and 24 (the parabolic tori are denoted by red circles). At the parabolic lower dimensional tori the ω 0 frequency vanishes. If such an end surface (in the figures, a point) intersects another resonance surface, a parabolic (doubly) resonant torus is born. It is now clear that with additional DOF such an intersection (of the boundary of the collision surface and the resonances on the ω 0 = 0 plane) is generically transverse (see [38] for a proof); hence parabolic resonances (PR) are expected to occur on surfaces corresponding to a range of energies. For the 3 DOF case, since generically the end points (corresponding to the inner frequencies of the parabolic tori) change continuously with the energy values, there exists a set of dense values of energies for which these end points hit resonance surfaces and PR are created. When an end point of a singularity curve belongs to a strong resonance plane ω j = 0 (j = 1 or 2) it corresponds to a strong double resonance of the parabolic lower dimensional torus (see the resonance webs in Figures 21 and 24) . the energy surface with H 0 = 0 shrinks to a parabolic torus of fixed points at the origin of the frequency space. However, nearby energy surfaces (i.e., energy surfaces with α 2 = 0 and a small energy value) have a nondiminishing extent in the frequency space, with resonant parabolic 2-tori residing near the main junction where many strong resonances intersect; see Figure 25 (note the scale of the axis).
Summarizing, we discovered that the presentation in the frequency space of the energy surfaces of Hamiltonians of the form H 0 (x, y, I) with n − 1 dimensional tori that change their stability has the following properties:
• For a range of energies, the energy surface is singular along a codimension two surface belonging to the ω 0 = 0 plane. This singularity surface corresponds to hyperbolic lower dimensional tori and their separatrices. The boundaries of the singularity surface (of codimension three) correspond to parabolic tori.
• Parabolic resonant tori may be recognized as resonance junctions which belong to the boundary of the hyperbolic singular surface. For 3 DOF systems these appear on a dense set of energy values; for n ≥ 4 these appear for a range of energies.
• While the resonance surfaces still intersect the energy surfaces densely, the uniformity seems to be lost.
• A parabolic torus of fixed points appears when the boundary of the singular surface contains the origin. Such a scenario appears for special parameter values (a codimension one phenomena) and on specific energy surfaces.
Qualitative behavior of the near-integrable system (B).
Using the plots of the EMBD we may read off all possible sources of instabilities. Here we need to combine several effects:
• Instabilities associated with the regular resonance web, as in the elliptic case.
• Instabilities associated with the existence of equi-energy family of separatrices and their resonances, as in the unstable case.
• Instabilities associated with resonant parabolic tori; their appearance implies the coexistence of equi-energy families of separatrices and equi-energy families of lower dimensional elliptic tori, meeting at the parabolic tori. The flatness of the singularity manifolds (see (7.13) ) affects the extent of the instability.
• Instabilities associated with bifurcations in the structure of the singularity manifolds (manifolds corresponding to lower dimensional tori) of the energy surfaces-namely, the creation of elliptic, hyperbolic, and parabolic lower dimensional tori, all of which are associated with resonant lower dimensional tori. Once again, the analysis of each of the above items has not been done yet. For the parabolic case we have mainly numerical indications for the behavior of the perturbed orbits; initial steps of a rigorous analysis of instabilities associated with PR are presented in [39] (a longer detailed version is in preparation). The behavior near a nonresonant parabolic torus does not yield instability-the lower dimensional parabolic torus persists [24] -and it appears that the behavior near it is indistinguishable from that appearing near the lower dimensional normally elliptic torus. However, numerical simulations indicate that the behavior near PR is dramatically different; orbits which appear to be chaotic and of a different nature than the homoclinic chaos are abundant. The structure of these perturbed orbits near 1-PR, which appear for a dense set of energy values, is similar to the one observed in the 2 DOF case; see [37, 45] . Further degeneracies make the instabilities more pronounced, see [37, 38] for examples.
One degeneracy we explore here is the existence of a normally parabolic torus of fixed points which is of codimension one (α 2 = 0) and corresponds to a local violation of the KAM nondegeneracy condition. The induced strong instabilities of a perturbed orbit with initial values near this point are presented in Figures 26 and 27 ; in Figure 26 the perturbed orbit is projected on the (θ, I) planes, where its complicated structure, while it passes through the successive resonance zones, may be seen; in Figure 27 we show the development of the instabilities in the action variables depending on time. These figures were produced for the perturbed Hamiltonian: Graphically, in the frequency space, such a scenario happens when the boundary of the singularity surface (here the end points of the singularity lines) passes through the origin, where all the resonance planes intersect. The fact that a parabolic 2-resonant torus resides at this junction point seems to induce strong instabilities in the perturbed system in both action directions, as seen in Figures 26 and 27 . In Figure 28 the corresponding unperturbed energy surface is shown in the (I 2 , I 1 ) plane and in the frequency space (see the corresponding resonance web in Figure 25 ). The perturbed orbit shown in Figures 26 and 27 approximately covers the whole possible extent of the actions range on this surface. For more details and upper bounds on the maximal instability rate see [37, 38, 39] ; in particular, in [39] analytical methods for studying instabilities near 2-PR are suggested.
Note that in 4 or more DOF systems the existence of a double resonant parabolic torus is persistent without dependence of the system on external parameters, and the local violation of the KAM iso-energetic nondegeneracy condition is avoided. Numerical simulations suggest that near such double PR the instabilities and the orbit structure are similar to the ones appearing in the locally degenerate 3 DOF system (with α 2 = 0 ).
Bifurcations in the energy-momentum diagrams.
Here we formulate the observed relations between bifurcations in the EMBD and the appearance of lower dimensional resonances precisely. First we prove that extrema of the nonparabolic singularity surfaces in the EMBD occur iff the corresponding tori are resonant. Then we prove that if on a given energy surface there exists an (n − 1)-nonparabolic torus which is nondegenerately strongly (n − 1)-resonant (see definitions below), then the topology of the energy surfaces changes at this value of the energy. We end with formulating similar results for the parabolic case. After stating the results for the generic parabolic case we show that our model Hamiltonian H bif is nongeneric in this context (because of its Z 2 symmetry) and formulate the corresponding results to a suitable class of Hamiltonians.
Folds in the EMBD and resonances.
Consider the EMBD near a singular family of n − 1 lower dimensional tori, p f . (Here we again take s = 1. General value of s will be considered elsewhere.) The unperturbed Hamiltonian, expressed in suitable local coordinates near p f , is given by H 0 = H 0 (x, y, I), where p f = (x f , y f , I f ) satisfies ∇ x,y H 0 (x, y, I)| p f = 0. By the implicit function theorem (IFT), if the Hessian of H 0 with respect to x, y is nonsingular tori) the combination of the EMBD and the branched surfaces supply global qualitative description of the near-integrable dynamics; on these diagrams the topological changes in the energy surfaces and the appearance of lower dimensional resonances are apparent, and thus various mechanisms for instabilities (such as homoclinic orbits, hyperbolic resonances, and PR) may be clearly identified. In particular, we proved that topological bifurcations of the energy surfaces correspond to folds of singularity surfaces in these diagrams and hence to resonances. In other works [37, 38] we have demonstrated that the curvature of these singularity surfaces at the folds plays a crucial role in the extent of the instabilities in the perturbed system. Again, such effects are easily identified in these diagrams.
Many issues remain for future studies:
• We have seen (sections 6.3 and 7.3) that there is a long list of instabilities associated with the near-integrable motion near families of lower dimensional tori which is not well understood yet.
• For 2 DOF systems, the description of the energy surfaces as graphs gives a useful insight regarding the evolution of the instabilities in the action variables (or, more generally, in the adiabatic variables of the system) under small conservative perturbations or conservative noise [20] . These ideas were generalized to n DOF systems with strong conservative noise which destroys all integrals of motion and small nonconservative noise which leads to diffusion between different energy surfaces [19] . In view of our work, one is lead naturally to investigation of motion in integrable (or nearintegrable) systems with small conservative noise by studying random motion along branched surfaces.
• The behavior of systems for which the local generalized action-angle coordinates cannot be globally extended is yet to be studied. In particular, one would like to extend the presentation here so it will be applicable to the work of Fomenko and coworkers in which the topology of complicated systems, like the rigid body, is fully analyzed [17, 18] . On one hand, one may use general constants of motion plots in a similar fashion to what we have proposed for the EMBD, yet the relation between folds and resonances will be lost. On the other hand, even for such plots, finding the branched surfaces topology from the Fomenko graphs is challenging.
• The restriction to systems with compact level sets excludes important examples such as the Kepler problem. Delicate issues related to the possible appearance of noncompact critical level sets and singularities of the potential need to be addressed (see [47] ).
• Notice that the generalized action-angle local representation naturally leads to investigation of the Hamiltonian function evaluated along the singularities as a function of the n − s actions. Hence, as noted in [33] , singularity theory may be used to classify all persistent bifurcations in the s DOF subsystem. Here, we further observe that resonances are also associated with singularities of this function. Full classification, as had been achieved for some of the bifurcation scenarios, is yet to be developed.
• Finally, the effect of n−s dimensional tori with various stabilities in the 2s dimensional normal space for s > 1 (as in [33] ) on the EMBD structure and the branched surfaces structure is yet to be understood.
